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Abstract
Level shifts between mirror nuclei around 16O are investigated from a phe-
nomenological viewpoint. It is pointed out that, in order to account for recent
data on proton-rich nuclei, we need reduction of the residual nuclear interac-
tion for the loosely bound s-orbit by about 30%. This reduction occurs due
to the broad radial distribution of the proton wave function occupying the
loosely bound (or unbound) s-orbit. This mechanism is qualitatively exam-
ined by the WS+M3Y model.
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Structures of proton-rich nuclei are important for the rapid-proton (rp) process, which
takes place in the hydrogen burning stage in stellar site. Since the strong interaction keeps
the charge symmetry very well and the Coulomb energies are almost state-independent in
a nuclide, energy spectra are quite analogous between mirror nuclei. Hence we usually
estimate the level structures of Z > N exotic nuclei from their mirror partners. However,
for example, the excitation energies of the 1/2+ rst excited states in 13C and 13N show
large discrepancy, which is called Thomas-Ehrman shift (TES) [1,2]. The TES may have a
signicant influence on the scenario of the rp process, and it is highly desired to predict the
TES correctly.
Recent experiments provide us with valuable information of energy levels of Z > N
nuclei around 16O. The TES has conventionally been regarded as an eect of the Coulomb
force on a loosely bound or unbound proton occupying an s-orbit. With the aid of the recent
data, it is being possible to argue whether this mechanism is enough to account for the TES
in various mirror nuclei. In this paper we investigate the TES in A  16 nuclei from a
phenomenological viewpoint, primarily focusing on eects of the residual nuclear interaction
(RNI) on the TES, via the data of the 16N{16F, 15C{15F and 16C{16Ne mirror pairs.
We shall take the (0p1/2)
−n1 ⊗ (0d5/21s1/2)n2 model space on top of the 16O inert core.
For neutron-rich nuclei with Z  8  N , n1 = 8 − Z and n2 = N − 8, and vice versa for
their mirror partners. The single-particle (hole) energies are determined from the data of
17O and 17F (15N and 15O) [3]. Taking into account their mass dierences from 16O [4], we
have (in MeV)
n(0d5/2) = −4.144, n(1s1/2) = −3.273,




1/2) = 12.128, n(0p
−1
1/2) = 15.664. (2)
The dierence between Ex(1/2
+) in 17O (i.e. s−dn  n(1s1/2) − n(0d5/2) = 0.871 MeV)
and in 17F (i.e. s−dp  p(1s1/2) − p(0d5/2) = 0.495 MeV) is a typical TES. Because
the proton in the 1s1/2 orbit is loosely bound and free from the influence of the centrifugal
barrier, its wave function spreads in a radial direction (like halo or skin structure), leading
to weaker Coulomb repulsion than that of 0d5/2. This dierence in the Coulomb energy
gives rise to the TES for such a core plus one-particle system [1]. The mechanism how the
dierence of s−dp from 
s−d
n occurs has recently been investigated in some detail in Ref.
[5].
The observed energy spectra of 16N and 16F, the Tz = 1 mirror nuclei, show a remarkable
dierence [3]. Even the ground state spins do not match, being 2− in 16N and 0− in 16F.
On top of the 16O core, the lowest four states in these nuclei (2−, 0−, 3−, 1− in 16N and
0−, 1−, 2−, 3− in 16F) are classied into the j0p−11/20d5/2; J = 2−, 3−i and j0p−11/21s1/2; J =
0−, 1−i multiplets. The dierence in energy spectra of low-lying states is related to the
relatively low energy of the proton 1s1/2 orbit (see Eq. (1)). The dierence between 
s−d
n
and s−dp in Eq. (1) shifts down the 0
− and 1− states of 16F. However, the amount of the
observed TES in the 0− and 1− states is ’ 0.70 MeV on average, notably larger than the
0.376 MeV shift due to the dierence in s−d. It is likely that the two-body RNI has a
substantial contribution to this TES.
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We can derive the matrix elements of the residual proton-neutron interaction between the
0p1/2 hole and the s, d particle, assuming the ’s of Eqs. (1,2), from the experimental spectra
of 16N and 16F. The results are presented in Table I. We hereafter denote the diagonal matrix
element h(j1)ρ(j2)τ ; J jV j(j1)ρ(j2)τ ; Ji by Vρτ (j1j2; J), where (ρ, τ) = (p, n). For example,
Vpn(0p
−1
1/20d5/2; J) = h(0p−11/2)p(0d5/2)n; J jV j(0p−11/2)p(0d5/2)n; Ji. While the matrix elements
Vnp(0p
−1
1/20d5/2; J) deduced from






1/21s1/2; J) and Vnp(0p
−1
1/21s1/2; J), show obvious discrepancy. The
Vnp(0p
−1
1/21s1/2; J) element is smaller by a factor of about 0.7 than Vpn(0p
−1
1/21s1/2; J), both for
J = 0− and 1−. The reduction of the proton-neutron interaction matrix elements indicates
that the TES in the 16N{16F pair owes a part to the nuclear force, not only to the Coulomb
force which shifts s−dp from 
s−d
n . Moreover, the dierence between Vnp and Vpn is
irrelevant to the charge symmetry breaking. The reduction of Vnp relative to Vpn must
originate in the dierence of the single-particle radial wave functions between a proton
and a neutron. Because of the lack of the centrifugal barrier, the radial function of the
s-orbit depends appreciably on the separation energy. Since the proton 1s1/2 orbit is loosely
bound in the proton-rich nuclei of this mass region, the 1s1/2 proton wave function R1s1/2(rp)
distributes with a long tail and has depressed amplitude inside the nuclear potential produced
by the core, in comparison with R1s1/2(rn). Therefore nuclear force is expected to give smaller
matrix elements if loosely bound or unbound protons are involved. We shall come back to
this point later. It is noted that the residual interaction relevant to the low-lying levels is
repulsive in 16N{16F, because of the particle-hole conjugation. Levels involving a 1s1/2 proton
tend to have lower excitation energies than their mirror partners in general, due to the small
s−dp relative to 
s−d
n . If the RNI is attractive, its reduction tends to compensate with this
 eect, in terms of the TES. On the other hand, in the 16N{16F pair the reduction of the
repulsive RNI further lowers the levels involving (1s1/2)p, relative to those having (0d5/2)p.
Thus the TES is enhanced in this pair of mirror nuclei.
By using the empirical ’s of Eqs. (1,2) and the hV i’s of Table I, we calculate energies of
the low-lying levels 5/2+ and 1/2+ of 15C and 15F (Tz = 3/2) within the framework of the
shell model. The calculated energy levels are shown in Fig. 1 together with the experimen-
tal data [3]. The level inversion occurs; the 1/2+ states, instead of 5/2+, become lowest for
both nuclei. This inversion is reproduced by the shell model, due to the repulsion shown in
Table I which is stronger between 0p−11/2 and 0d5/2 than between 0p
−1
1/2 and 1s1/2. The 5/2
+
level is observed at Ex = 0.740 MeV in
15C, while at 1.300 MeV in 15F. The shell model
yields Ex(5/2
+) = 0.563 MeV for 15C and 1.400 MeV for 15F. The TES in the 15C{15F pair is
thus described with a reasonable accuracy, though slightly overshot, by the phenomenolog-
ical shell model. Weaker repulsion in Vnp(0p
−1
1/21s1/2; J) than in Vpn(0p
−1
1/21s1/2; J) plays an
appreciable role in the TES. The Vpp(0p
−2
1/2; J = 0
+) and Vnn(0p
−2
1/2; J = 0
+) matrix elements,
which do not aect the excitation energies, can be evaluated from the ground-state energies
of 14C and 14O. We can then calculate the absolute values of the energies of the 15C and 15F
levels within the phenomenological shell model. The biggest discrepancy lies in E(1/2+) of
15C, which is overestimated by 0.166 MeV, whereas the other energies are reproduced within
the 0.1 MeV accuracy. This may suggest that an additional eect is missed for the 1s1/2
neutron, whose separation energy is small (1.218 MeV) in 15C.
The 16C{16Ne pair (Tz = 2) is also signicant in discussing the eect of the RNI on
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the TES. The low-lying states of these nuclei have the 0p−21/2 ⊗ (0d5/21s1/2)2 conguration.
Since the 0p−21/2 part does not contribute to the excitation energy, the TES can disclose
dierence between proton-proton (Vpp) and neutron-neutron (Vnn) interactions in the sd-
shell. As an eective interaction in the sd-shell, the so-called USD interaction [6] is widely
used. Although the USD interaction is derived for the full sd-shell calculation, we neglect
the 0d3/2 components, since the 0d3/2 orbit is hardly occupied in low-lying states of nuclei
around 16O. Indeed, we can reproduce the low-lying levels of 18O quite well with the USD
interaction in the present model space.
The binding energy of 16C is reproduced with the accuracy of about 0.1 MeV, by the
present Hamiltonian comprised of the empirical ’s and hV i’s (see Eqs. (1,2) and Table I) as
well as of the USD matrix elements. In computing the binding energy of 16Ne, the residual
two-body Coulomb interaction has to be estimated. With the single-particle wave functions
in the Woods-Saxon potential which will be mentioned later, the two-body Coulomb force
yields approximately constant energy shift of about 0.4 MeV for low-lying levels, within the
accuracy of 0.1 MeV. If we use the charge-symmetric USD interaction with this Coulomb
correction, the binding energy of 16Ne is seriously overestimated by as much as 0.8 MeV.
The ground state consists mainly of the 0p−21/2⊗1s21/2 conguration, with small admixture of
0p−21/2⊗0d25/2 (recall the level inversion in 15C and 15F). It is likely for the RNI matrix elements
involving (1s1/2)p to suer some amount of reduction, because the 1s1/2 proton is bound
loosely. For this reason we reduce the USD matrix elements concerning the (1s1/2)p orbit by
a generic factor ξs, while not changing the other matrix elements. It is found that the binding
energy of 16Ne is reproduced if we set ξs ’ 0.7 (i.e. Vpp(0d5/21s1/2; J) ’ 0.7Vnn(0d5/21s1/2; J),
and so forth). It is notable that this factor is close to the proton-neutron ratio Vnp/Vpn
concerning (1s1/2)p in Table I. The reduction by 30% is remarkable in comparison with the








lower by about 1 MeV than that of 16C. In Fig. 2 the results of the ξs = 1 (i.e. no reduction
of the RNI) and ξs = 0.7 cases are compared with the experimental data. If we use the
charge-symmetric USD interaction (i.e. ξs = 1), Ex(0
+
2 ) of
16Ne becomes higher than that of
16C, because we have s−dp < 
s−d
n . The recent data of Ex(0
+
2 ) clearly favors the reduction




16Ne. It is remarked that lower Ex(0
+
2 ) in
16Ne than in 16C cannot be described
without the reduction of the RNI for (1s1/2)p. With this reduction of ξs = 0.7 the known
energy spectra of the 17Ne [9] are also reproduced.
In extracting the RNI matrix elements from 16N{16F, we have assumed the single-particle
energies taken from the 17O{17F data. Since the last proton is unbound in 16F while bound
in 17F, s−dp may further decrease in
16F. One may argue that the TES in 16N{16F should be
ascribed to this nucleus-dependence of s−dp , instead of the reduction of the RNI. However,
the same argument yields higher Ex(0
+
2 ) in
16Ne than in 16C, since 16Ne has negative S2p
(two proton separation energy). Thus, the reduction of the RNI is required to understand
the TES’s around 16O simultaneously. Although the nucleus-dependence of s−dp may exist,
its eect on the TES seems less signicant than that of the reduction of the RNI.
The TES is not apparent for the lowest-lying states of the 18O{18Ne mirror pair, since
their main conguration is 0d25/2. On the other hand, the lowest 3
+ state, which is observed
at Ex = 5.378 MeV in
18O, is expected to have the 0d5/21s1/2 conguration. Because the
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1s1/2 orbit is relevant, the TES for this state may be sizable. The energy of the 3
+ state
of 18Ne is important in the scenario of the rp process [10]. Whereas an earlier experiment
gives Ex = 4.56 MeV [11], this 3
+ state has not been established by recent experiments
[12]. By using the USD interaction with the reduction factor ξs = 0.7 for Vpp (together with
s−dp deduced from
17F), we evaluate TES of 0.86 MeV for this 3+ state. This leads to
Ex(3
+
1 ) ’ 4.5 MeV, in good agreement with Ref. [11].
We next study the origin of the RNI reduction concerning the proton 1s1/2 orbit, from
a qualitative (or semi-quantitative) standpoint. As pointed out before, it is likely that this
reduction is connected to the broad distribution of R1s1/2(rp). The amount of the reduction,
however, is notably large, compared with the global charge asymmetry in the RNI, which
has been estimated to be a few percent [7]. It is a question whether R1s1/2(rp) distributes so
broadly as to give RNI reduction by about 30%, despite the presence of the Coulomb barrier.
We here evaluate the matrix elements of the M3Y force [13], which basically represents the
G-matrix, with the single-particle wave functions under the Woods-Saxon (WS) [14] plus
Coulomb potential. We adopt the WS parameters of Ref. [14] at 16O, varying the WS
potential depth V0 around the normal value −51 MeV. The shell model interaction should
include core polarization eects, which are not taken into consideration in this WS+M3Y
calculation. Therefore the present matrix elements should not be compared directly with the
shell model interaction (for instance, Table I). Still they will be useful to discuss qualitative
nature of the RNI.
The WS potential with V0 = −53 gives (in MeV)
n(0d5/2) = −7.52, n(1s1/2) = −4.80,
p(0d5/2) = −3.90, p(1s1/2) = −1.46. (3)
As the potential becomes shallower, the single-particle orbits are bound more loosely. Indeed,
at V0 = −51 we have
n(0d5/2) = −6.36, n(1s1/2) = −3.98,
p(0d5/2) = −2.80, p(1s1/2) = −0.76, (4)
and at V0 = −49
n(0d5/2) = −5.23, n(1s1/2) = −3.22,
p(0d5/2) = −1.75, p(1s1/2) = −0.14. (5)
Whereas the wave function is insensitive to  for the deeply bound orbits, it is not the
case for the loosely bound orbit (1s1/2)p. The variation of the wave function is typi-
cally measured by the mean radius of the orbit rρ(j) 
√
h(j)ρjr2j(j)ρi (ρ = p, n), It
will be seen, by varying the WS parameter V0, how the RNI as well as rρ(j) behave as
 changes. For the M3Y matrix elements, the proton-neutron ratios Vnp/Vpn with re-
spect to the (0p1/2)
−1 ⊗ (0d5/21s1/2)1 two-body states and Vpp/Vnn with respect to the
(0d5/21s1/2)
2 states are depicted in Fig. 3. Though the ratios of the o-diagonal elements
h(1s21/2)ρ; 0+jV j(0d25/2)ρ; 0+i and h(0d5/21s1/2)ρ; 2+jV j(0d25/2)ρ; 2+i are not shown, they be-
have in a similar manner to those of diagonal elements involving 1s1/2. The proton-neutron
ratios of the rms radii of the single-particle orbits are also presented in Fig. 3 for j = 0d5/2
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and 1s1/2. As is expected, R1s1/2(rp) distributes over a broader region than R1s1/2(rn), to a
certain extent. In Fig. 3, the rms radius of (1s1/2)p is larger by about 10{20% than that of
(1s1/2)n, somewhat depending on V0. In contrast, the rms radius of (0d5/2)p dier only by a
few percent from that of (0d5/2)n, insensitive to V0. From Fig. 3 we conrm the following two
points: (a) the RNI reduction well correlates to the increase of the rms radii of the relevant
orbits, and (b) the matrix elements involving (1s1/2)p can be reduced from those of (1s1/2)n
by as much as a few tens percent around 16O. The former point is consistent with Ref.
[15], though we use more realistic single-particle wave functions (but less realistic G-matrix)
than in Ref. [15]. The latter suggests that the RNI reduction by about 30% is reasonable
and will be accounted for by the broad distribution of R1s1/2(rp), though it may not be an
easy task to obtain accurate value of the reduction factor from a microscopic standpoint.
Although there remain additional interests in the RNI reduction (e.g. accurate estimate of
the reduction factor, nucleus- and/or state-dependence of the reduction factor), they will
require reliable treatment of the core polarization eects, which is beyond the scope of the
current study. We just point out at this moment that, due to the broad distribution of the
single-particle wave function, the core polarization eects tend to diminish [15] and there-
fore the shell model interaction may be reduced further. Note that the residual Coulomb
force hardly contributes to the excitation energies of low-lying states, for the nuclei around
16O. The correction to the TES due to the residual Coulomb force is less than 0.1 MeV, if
estimated with the above WS wave functions.
In summary, Thomas-Ehrman shifts in the A  16 region generally occur for a proton-
rich nuclei, in which the 1s1/2 proton is unbound or loosely bound. As well as the dierence
between s−dn and 
s−d
p , the reduction of the residual nuclear interaction involving the
1s1/2 proton play an important role in the TES. As has been deduced from the nuclei
16N and 16F, the matrix elements Vnp(0p
−1
1/21s1/2) is smaller by a factor of about 0.7 than
Vpn(0p
−1
1/21s1/2). Similar reduction of Vpp in the sd-shell (relative to Vnn) accounts for the
TES in Ex(0
+
2 ) of the
16C{16Ne pair as well as the mass of 16Ne. Taking into account this
eect, the TES observed in 15C{15F and other pairs are quantitatively understood within the
phenomenological shell model. On the same ground the astrophysically important Ex(3
+
1 )
of 18Ne is predicted to be  4.5 MeV. The reduction of the residual interaction originates
in the broad radial distribution of wave function of the 1s1/2 proton, which is bound loosely
(or unbound) and is not aected by the centrifugal barrier. This mechanism is qualitatively
conrmed by the semi-microscopic calculation with the WS+M3Y model.
Discussions with S. Kubono, K. Kato and S. Aoyama are gratefully acknowledged.
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TABLES
TABLE I. Matrix elements of residual proton-neutron interaction Vpn(j1j2;J) and Vnp(j1j2;J)
deduced from 16N and 16F (MeV), and their ratio.
j1 j2 J
P Vpn(j1j2;J) Vnp(j1j2;J) Vnp/Vpn
0p−11/2 0d5/2 2
− 1.653 1.560 0.944
0p−11/2 0d5/2 3
− 1.951 1.857 0.952
0p−11/2 1s1/2 0
− 0.902 0.641 0.710
0p−11/2 1s1/2 1












































FIG. 2. Experimental and calculated (with and without the reduction factor ξs) energy spectra















































FIG. 3. Proton-neutron ratios of the RNI diagonal matrix elements (Vnp/Vpn and Vpp/Vnn)
in the WS+M3Y model, for the WS potential depth varied around V0 = −51 MeV. The ratios
involving the 1s1/2 orbit are shown at the right panel, and those without 1s1/2 but with 0d5/2 are at
the left panel. The J values of the two-body states are indicated in the graph. The corresponding
ratios with different V0 are connected by thin lines. The proton-neutron ratios of the rms radii of
the single-particle orbits are also shown for j = 0d5/2 (left panel) and 1s1/2 (right panel), by filled
diamonds linked by thick dashed lines.
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